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I. INTRODUCTION
M ICROWAVE oscillators capable of generating spectrally pure signals at high frequencies are important for a number of applications, including communications, navigation, radar, and precise tests and measurements. Conventional oscillators are based on electronic techniques that employ high quality ( ) factor resonators to achieve high spectral purity. The performance of these oscillators is nevertheless limited by the achievable s at room temperature and by the sensitivity of the resonators to environmental perturbations, such as temperature and vibration. High-frequency microwave references may also be obtained by multiplication of signals generated by high quality, but low frequency (MHz), quartz oscillators. The noise associated with the multiplication steps, unfortunately, degrades the performance of the high frequency signals beyond the levels required for high-end applications.
A powerful method of creating high-purity signals is based on techniques of photonics, which are free of some of the intrinsic limitations of ultra-high-frequency electronics mentioned above. In particular, the optoelectronic oscillator (OEO) is a photonic device that produces spectrally pure signals at many tens of gigahertz [1] - [7] limited only by the bandwidth of the modulators and detectors, which currently extends to the 100-GHz range.
In a generic OEO [1] the microwave energy is stored in an optical delay line, eliminating the need for a microwave cavity. However, in this configuration, the long fiber delay line supports many microwave modes imposed on an optical wave. A narrow-band electrical filter should be inserted into the electronic segment of the OEO feedback loop to achieve a stable single-mode operation. The center frequency of this filter determines the operational frequency of the OEO. While this approach yields the desired spectrally pure high-frequency signals, it nevertheless calls for an OEO configuration limited in size by the kilometers of fiber delay needed. Moreover, the long fiber delay is very sensitive to the surrounding environment, so the OEO does not produce an output with high long-term frequency accuracy and stability. The OEO is typically phase locked to a stable reference for long-term stability.
In this paper, we study the properties of the optoelectronic oscillator with either a high-optical cavity or an atomic cell, in place of the electronic filter. The first method allows one to choose virtually an arbitrary frequency of oscillation by tuning the cavity. The second method allows one to create a stable frequency reference, especially if the OEO is locked to an atomic clock transition. We theoretically analyze both approaches, and report on a proof-of-principle experiment with the OEO stabilized to the rubidium clock transition with an atomic vapor cell.
We propose to use the effect of electromagnetically induced transparency (EIT) [8] - [10] to stabilize an OEO with an atomic cell. EIT was recently used to produce an ultraslow group velocity of light [11] , [12] in atomic vapors [13] - [15] as well as in doped solids [16] , [17] . Those results are based on usage of steep frequency dispersion in the vicinity of a narrow EIT resonance. The narrow EIT resonances are applicable for construction of all-optical miniature atomic clocks [18] . We show here that extremely narrow two-photon EIT resonances could also be useful for OEO stabilization. This paper is organized as follows. We first review the operation of the conventional OEO and then consider configurations with the optical cavity, and the atomic vapor cells. We present the experimental data for the latter case and conclude with a summary. 
II. THE OPTOELECTRONIC MICROWAVE OSCILLATOR SCHEME
The generic scheme of the OEO is shown in Fig. 1(a) . Light from a laser is introduced into an electrooptical modulator (EOM). The amplitude-modulated light from the exit port is split with a fiber splitter, with one branch sent into a fiber delay line followed by a photodiode. The other branch provides the optical output of the device. The microwave signal from the output at the photodiode is filtered, amplified, and fed back into the EOM. This system oscillates if the amplification in the closed loop exceeds linear absorption of the loop [1] . The microwave amplifier may be unnecessary to sustain stable oscillations, depending on the power of the laser radiation at the photodetector and the particular features of the modulator and optical delay line.
The fiber delay line is a photonic substitute for a microwave resonator. A longer fiber corresponds to a larger -factor. The OEO with such a high-photonic storage element is a multimode device, with a dense mode spectrum corresponding to the waves adding in phase as the energy circulates in the loop. A single-mode operation is obtained when a narrow-band microwave filter is inserted in the loop. The filter determines the oscillation frequency, and its stability with respect to environmental perturbations directly determines the stability of the oscillator. While the of the filter is not a determining factor for the spectral purity, it nevertheless determines the degree of suppression of all other modes within its passband. The realization of a high-microwave filter with center frequency at tens of gigahertz is a complicated task [2] .
The microwave filtering may be substituted with photonic methods of spectral purification in the OEO, including either use of several different optical loops [5] or a delay line along with an optical cavity filter. With the latter approach, the oscillation occurs at the frequency of the cavity modes. The spectral purity and the stability are determined either by the time delay in the fiber or by the spectral width of the filter, whichever has the narrowest characteristic linewidth. With such an optical filtering scheme, the OEO becomes an ideal photonic device, where the microwave field is generated without any microwave circuit elements [ Fig. 1(b) ]. Presently, this realization is hindered by the low efficiency of the EOM, so a microwave amplifier must be included in the OEO loop to provide the needed drive for the modulator.
III. ANALYSIS OF THE OPTOELECTRONIC OSCILLATOR
To find the amplitude and frequency of oscillations, we consider the basic properties of the OEO elements: the fiber delay line, the optoelectronic modulator, and the photodiode.
A. The Electrooptical Modulator
Let us consider an electrooptical modulator of Mach-Zehnder type that transforms a monochromatic radiation into amplitude modulated light. The modulator consists of a Mach-Zehnder interferometer with a nonlinear electrooptic crystal placed in an arm. When a microwave field is sent into the crystal, the crystal introduces a time-dependent delay into the arm, and the outgoing light becomes modulated (1) where is a dc bias delay and is the time-dependent delay introduced by the nonlinear crystal given by (2) Here the dimensionless parameter ( ) results from the imperfect overlap and phase mismatch of light and microwave fields, is the length of the electrooptic crystal, is the linear index of refraction of the nonlinear material, and is the coefficient of nonlinearity of the material (e.g., 30 pm/V for LiNbO ).
It is convenient to present the microwave field in the form , where and are slow functions of time. We also write . Then we derive the expressions for the amplitudes of the carrier and the first two sidebands
The description presented above is valid not only for Mach-Zehnder EOMs but also for any kind of EOM. An example is a polarization-based EOM, when a nonlinear medium influencing polarization of the passing light is placed between crossed polarizers, instead of semitransparent mirrors. Such a modulator is used in our experiment discussed in this paper. We should note that some insignificant corrections of the equations should be introduced to describe this modulator; however, for the sake of simplicity, we do not discuss those corrections here.
B. Photodiode
The transformation of light at power into microwaves with power by means of a photodiode is determined by (5) where is a transformation coefficient of the optical power to a photocurrent and is the resistance at the output of the photodiode. The typical values are A/W and . We present the complex field amplitude as (6) where is power, is an effective cross-sectional area of the fiber guide, and is the refractive index of the material. Then, for the amplitude of the microwave field ( ) (7) where is the optical power at the microwave frequency (the power of the optical beat signal) and is the cross-sectional area of the microwave waveguide.
C. Optical Fiber Delay Line
If one sends monochromatic light with frequency into an optical fiber characterized by the effective index of refraction and length , the output light has a complex electric field amplitude that is related to the amplitude of the input light as (8) where is the transmission coefficient due to insertion losses and the fiber material and is the speed of light in the vacuum. Assuming that the fiber has no dispersion ( const) in the range of frequencies we are interested in ( ), we introduce an effective delay time due to the fiber (9) and, therefore
The same expression is valid for a beat-note of any two monochromatic light waves.
IV. GROUP DELAY LINES AS PHOTONIC FILTERS
This section is devoted to a theoretical study of the highoptical cavity and the atomic vapor cell (Fig. 2) as photonic filters. The aim is to analyze their suitability for OEO stabilization.
While an optical fiber is a true delay line, which introduces group as well as phase delays, an optical cavity and an atomic cell result in a group delay only. The phase delay of the optical radiation due to these resonant elements is negligibly small. We show that these elements may be effectively treated as microwave filters.
A. A Cavity
Let us consider a cavity consisting of two identical mirrors, with an energy transmission coefficient ( ), placed at a distance from each other Fig. 2(a) . The transmission of monochromatic light with a carrier frequency through the cavity is characterized by the expression (11) It is easy to see from (11) that if the input wave is resonant with a cavity mode , where is an integer.
In an OEO, we deal with a beat-note of light waves; the beat-note frequency corresponds to the modulation frequency. Let us assume that the pump light has frequency ( ), and after the modulator the light has a single sideband with frequency ( ). Here and characterize the detunings from the nearest resonance. We derive (12) For the near resonant fields, this expression transforms to (13) In order to avoid conversion of the frequency fluctuations of the pump laser into amplitude fluctuations, the linewidth of the laser should be much smaller than the width of the optical resonance. If the influence of the laser detunings on the power transmission of light is negligible, (13) may be simplified (14) It is worth mentioning that for , the transmission of the beat-note through the cavity (13) is described by the response function (15) where characterizes the decay of the cavity and is the free spectral range of the cavity. This implies that the optical cavity plays the role of a microwave resonator for the microwave radiation imprinted on the pump light.
If the input light has two equal sidebands and , not a single sideband, the beat-note transforms as (16) It follows from (16) that the beat-notes between each sideband and the carrier are transformed in the same way by the cavity.
Finally, it is worth noting that an ultra-high-cavity leads to the transfer of frequency fluctuations of the pump laser into the microwave signal if the bandwidth of the laser is comparable with . The slow light element discussed below does not have such a deficiency due to the pure two-photon nature of the process [11] . One may observe a narrow EIT peak with a wide bandwidth laser, which should be less than the Doppler width of the optical atomic transitions.
B. An Atomic Cell
An OEO may be stabilized with an atomic vapor cell containing atoms with a suitable energy level structure. One of the best atomic level configurations for such a purpose, the so-called scheme, is shown in Fig. 2(b) . Let us assume that the pump light is nearly resonant with atomic transition. If the EOM is switched off and the sideband is absent, the pump propagating through the atomic cell experiences a small residual absorption. The resonant absorption is suppressed due to optical pumping. For the pump amplitude we have (see the Appendix ) (17) where is the decay rate of the ground state atomic coherence due to the finite interaction time of the atoms with light, is the total number of atoms in the interaction region, and is the pump power. Equation (17) is valid for intense light, where the condition (18) is fulfilled. Here is the value of dipole moment of the atomic transition, is the electric field amplitude, and is the Doppler width of the atomic transition. Equation (17) stays valid when light is modulated and a weak sideband ( ), nearly resonant with atomic transition, propagates along with the pump in the cell. The sideband, however, acquires a large phase shift if the modulation frequency is different from the frequency of the transition between levels and ( ) (19) We are interested in the time delay introduced by the medium in the beat-note of the pump and the sideband. For small absorption we find (20) Assuming that (small, but finite, absorption ) and , we may approximate the response function of the system as (21) We have considered the case of single-sideband modulated light. Light modulated by a conventional EOM, however, has two sidebands instead of one. The second, off-resonant, sideband will not be influenced by the atomic transition if the pump power is weak enough so the four wave mixing processes occurring in the system and the resulting sideband amplification may be neglected. This condition may be approximated as [19] , where is the density of the atomic vapor, is the wavelength of the pump light, is the length of the atomic cell, and is the natural width of the atomic transition. This gives us the maximum density of the atomic vapor feasible for this application. For , cm, MHz, and GHz, we have cm . Using these estimates and (17), we derive the maximum optical pump power for which the above approximation works. For a laser beam diameter cm, we find . Assuming a wide two-photon resonance rad/s, and taking rad/s, we obtain . On the other hand, taking into account that MHz and , we find from (18) that the smallest optical power for which the above EIT regime holds is approximately 4 mW. For smaller power the narrow resonance still exists, but the residual absorption increases compared with the theoretical value.
For the amplitude modulated light that initially has equal harmonics ( ), the beat-note signal after the three-level medium is (22) The medium changes not only the phase of the beat-note but also its amplitude.
To avoid the difficulties arising from the asymmetry of the pump and sideband radiation mentioned above, one may use laser light modulated with half-frequency 2 with respect to the ground state splitting of the atoms [18] . In this case the sidebands and interact with atoms via an effect of EIT, while the carrier experiences a slight off-resonant absorption only. The beat-note in this case is (23) where and ( ) are the powers of the sidebands of the modulated light.
The chief advantage of this configuration is the (almost) complete symmetry, which allows for the reduction of the ac-Stark and other unwanted effects. Another advantage is that the four-wave mixing process, resulting from the scattering of the drive field on the atomic coherence generated by the sidebands, is not important in the scheme. The four-wave mixing leads to the generation of radiation with frequency . The beat-note originating from this process may be filtered out.
V. CHARACTERISTICS OF AN OPTOELECTRONIC OSCILLATOR WITH A PHOTONIC FILTER
Let us consider the scheme of an ideal OEO shown in Fig. 1(b) . The amplitude and frequency of such an oscillator may be determined from (7) (24) where and are the complex amplitudes of the carrier and sidebands on the photodiode. Expressions for the oscillation frequency are quite complicated generally, so we consider the symmetric cases here.
A. Oscillation Amplitude
The oscillation amplitude for filters described by either (23) or (16) may be found from the real part of (24), which has the form (25) where stands for the total transmission of the beat-note in the system and .
B. Oscillation Frequency
The oscillation frequency may be found from the imaginary part of (24). For the atomic cell filter having a response according to (23), the oscillation frequency may be found from (26a) where is either unity if or zero if ; is an integer number;
is an eigenfrequency of the optical-microwave loop ( , where is integer); and is determined by (9) . Equation (26) means that the microwave field is a mode of an OEO loop, i.e., its cycle phase increment is integer multiple of 2 .
Note that in the "asymmetric" case, for example, when one sideband is off-resonant with the atomic transition, the oscillation frequency depends on the balance of the modulator (relative phase between the carrier and the harmonics). This happens because the medium shifts the phase of one harmonic, while leaving the other unchanged.
For the cavity filter described by (16) the frequency is determined by (26) where is either one if or zero if .
C. Oscillation Stability
To find the fluctuations of phase for the system, we replace (24) by (27) where is a filter bandwidth determined by the photodiode, for instance, and is the total power of the modulated light at the photodiode. Noting that each field may be presented as a sum of the expectation and fluctuation parts ( ) and that the frequency of the microwave field may be written as , where is a slow function of time, we arrive at (28) where for an OEO with an atomic cell filter and for an OEO with a cavity filter. Assuming that the light, as well as the microwave, field is in a coherent state, we write a generic expression for the nonzero field moments (29) Introducing the phase diffusion coefficient as and assuming that the time of the measurement is much longer than the filter characteristic time 1
, we arrive at (30) where we took and , so that , as follows from (25). Finally, it is worth noting that the root mean square fractional frequency fluctuations for the oscillator may be found from the expression , where is the measurement time. It is clear that the frequency dispersion is much less than the inverse effective delay time , which agrees with our experimental results discussed below.
VI. EXPERIMENT
We have demonstrated the operation of an OEO with a rubidium atomic cell serving as the stabilizing filter. The experimental setup of the EIT-stabilized OEO is shown in Fig. 3 . We use a Vortex laser system tuned to the 5 , , transition of . This transition corresponds to transition in Fig. 2(a) . Then the transition 5 , , plays the role of . Transition frequencies differ by 6.834 68 GHz, which corresponds to in Fig. 2(a) . The dual-pass acoustooptical modulator and a standard saturation spectroscopy setup allow us to lock the pump laser with approximately 300 MHz offset to the red from the transition. This detuning turned out to be the optimal for the OEO operation of our system. We believe that the main factor determining this detuning value is the optimum dispersion/absorption ratio in the rubidium cell. This provides enough light for our OEO feedback loop to have the above-unity gain and enough dispersion to lock the OEO frequency to the atomic transition.
The laser light passes through an EOM, which, in combination with a rotating half-wave plate and a polarizer, allows the transforming of phase modulation into amplitude modulation. This conversion is important because in the case of pure phase modulation, no beat-note appears on a photodiode ( ). The beat signal produced with one sideband and the carrier has the opposite phase to the beat signal produced by the other sideband and the carrier, so they cancel out.
The amplitude-modulated light is then passed through a rubidium cell. The 2-in-long cell contains a natural abundance of rubidium isotopes at about 105 C. The cell is placed inside of a solenoid, which is used to create a magnetic field along the propagation direction of the optical beam. The solenoid and the cell are enclosed in a three-layer -metal shield to cancel stray magnetic fields.
Light that passes through the cell is detected by a fast photodiode, the electric output of which is amplified and used to drive the EOM. Part of this microwave signal is directed to a spectrum analyzer to monitor the oscillation amplitude and frequency. A phase shifter is inserted into the circuit to achieve the desired microwave phase delay, which is an important condition for self-sustained oscillations.
As the first step in setting up the OEO oscillation, we open the feedback loop between the photodiode and the amplifiers, and drive the EOM with an RF synthesizer. Sweeping the synthesizer's frequency and detecting the signal from the photodiode, we obtained the frequency response functions of the system. This is done in two different ways. First, we monitor the integrated signal from the photodiode, which corresponded to the total power of the light transmitted through the cell. When the external modulation frequency matches the hyperfine splitting frequency, we expect to see a higher transmission because of the EIT. The experimental result is shown in Fig. 4 . We see the expected transparency peak; however, the contrast is rather poor. This is due to the fact that we are detecting an incremental increase of a sideband transmission, on the order of 10%, against a much stronger carrier (by more than a factor of ten). Fitting the data with a Lorentzian peak function, we find its width to be approximately 860 kHz. This is a rather crude estimate for our filter function because of the low resolution of the peak and because the Lorentzian does not fit the EIT peak well.
A more accurate measurement is achieved by mixing the photodiode signal with the local oscillator signal obtained from the synthesizer driving the EOM, i.e., by implementing a heterodyne measurement. As part of this measurement, we subsequently turn on a dc magnetic field along the cell. The Zeeman shifts of magnetic sublevels have opposite signs for and , and hence for sufficiently large field all, transitions from the manifold are tuned off the two-photon resonance, except for the clock transition . The measurement results are shown in Fig. 5 . On the top part of the figure [Fig. 5(a) ], the magnetic field is small, and in addition to the central peak , we see two other peaks. On the bottom part [ Fig. 5(b) ], the field is strong (several Gauss), and the side peaks have moved far outside the sweep range. Such a strong magnetic field is on in all the experiments described below. Fitting the single peak to a Lorentzian, we find its width to be approximately 230 kHz. Next, we remove the synthesizer and connect the photodiode to the amplifiers, closing the feedback loop. Two distinct regimes of RF oscillation have been observed. Outside the EIT region, the system can oscillate at any frequency within 100-MHz range. This range is determined by the bandwidth of the EOM and of the RF amplifiers, and the frequency can be tuned by the phase shifter.
When the EIT condition is achieved, the oscillation frequency is locked at the atomic hyperfine transition frequency. By a suitable choice of the experimental parameters, this desired oscillation can suppress the other, broadly tunable type. This EIT-stabilized regime can be achieved only within a fairly narrow range of the laser wavelength.
To illustrate the effect of laser wavelength tuning on the OEO operation, we slowly scanned the wavelength while measuring the integrated photodiode signal. The result is given in Fig. 6 . In this figure the red slope of Doppler absorption profile is shown. The entire scan is approximately 700-800 MHz wide. We see two wavelength ranges where oscillations occur: the one on the red side corresponds to stable oscillation and is manifested by a higher transmission (due to EIT); the one on the blue side corresponds to unstable oscillations and is manifested by higher noise.
Drift of the laser wavelength within the EIT-stabilized region causes the microwave phase to change, which needs to be compensated by the phase shifter. It therefore appears convenient to lock the laser near the center of the desired wavelength range. However, the nature of laser locking by the frequency-modulated saturation spectroscopy [20] - [22] imposes additional structure on the microwave oscillation spectrum; see Fig. 7 . The peaks in this figure are separated by approximately 28 kHz from each other. This frequency is the dither frequency of the laser lock. It worth noting that this structure may disappear if the laser is not modulated directly.
Unlocking the laser, we get rid of the 28-kHz structure and observe a single peak, which is quite narrow. From Fig. 8 , we see that its width is approximately 1 kHz. It is important to point out that this width is much narrower than the EIT width, which is consistent with (30). The peak in Fig. 8 can drift within approximately 500 kHz before the oscillations become unstable and disappear. This range is consistent with the EIT width measured by the first method. The situation can be improved by obtaining a narrower EIT signal. Note that this regime of operation is similar to that of the CPT clocks [18] .
We also carried out an experiment in which both the rubidium cell and a 250-m fiber were present. This configuration represents an OEO with an atomic cell filter. Significantly, in this case the linewidth of the transition-locked oscillations was measured to be less than 100 Hz, while the tuning range remained the same as without the fiber.
Let us estimate theoretical value of for the conditions of the experiment. To do it, we modify (30) as (31) Equation (31) takes into account amplification of the microwave generated on a photodiode that was present in the experiment ( is the coefficient of the power amplification). We assume that s , s, W, , W, s . We know from the experiment that the ratio of the power of the sideband and carrier after the modulator is approximately 10%, i.e., from (3) and (4), . The measurement time was s. Then, s , which is approximately a hundred times smaller than the observed linewidth.
The phase diffusion parameter determines the phase noise of the generated microwaves. In our experiment, this parameter was four orders of magnitude in excess of the shot noise limit given by (31). This difference may appear because of the technical noise such as the pump laser excess noise and temperature fluctuations. In the present proof-of-principle experiment, we did not make any efforts to suppress these sources of noise.
VII. DISCUSSION
Let us compare properties of the photonic filters discussed in this paper. Both filters are similar in the sense that they have higher transmission of modulated light when the frequency of the modulation coincides with an intrinsic frequency of the filter-either frequency of the free spectral range of the cavity or frequency of the splitting between atomic ground states.
The main differences between an atomic cell containing a vapor of three-level atoms and a high-optical cavity are the following.
1) An ideal cavity transmits modulated light without absorption if the carrier frequency of the light coincides with a cavity mode and the modulation frequency coincides with the free spectral range frequency of the cavity. The transmission does not depend on the cavity quality factor. In turn, the atomic cell absorbs passing modulated light. The maximum transmission, achieved when the modulation frequency of the light coincides with the frequency of the ground state splitting of the atoms, is connected with the width of the two-photon resonance.
2) The frequency of the cavity drifts depending on the external conditions while the splitting of the atomic ground state may be stable. Hence, usage of an atomic cell instead of a cavity is useful for construction of frequency references. 3) An atomic cell is more tolerant to the absolute pump laser stability compared to a cavity. If light having wide linewidth propagates through a high-cavity, the phase fluctuations of the input light are transmitted to the amplitude fluctuations of the outgoing light. Such a transfer influences the stability of oscillations in the entire system. In turn, linewidth of the pump light used in an OEO with an atomic cell is determined by the width of the atomic spectral line and may be much wider than the width of the two-photon resonance, which is used for OEO stabilization. It is worth noting here that an optical fiber plays not only the role of the microwave cavity in the OEO but also the role of a filter, see e.g., (26a) and (26). Generally, it is possible to make a very long fiber delay in an OEO. Then the OEO generates several harmonics with linewidth determined by the fiber length. The number of harmonics is restricted by a linewidth of a photonic filter used in the system.
VIII. CONCLUSION
In this paper, we have theoretically studied the properties of an optoelectronic oscillator realized with photonic filters such as a high-optical cavity and an atomic vapor cell. We show that the oscillator is able to generate stable microwave signals at a frequency determined by the filter. We also report an experimental demonstration of an OEO stabilized with an Rb atomic vapor cell. Because such a device can be miniaturized and has a potentially high stability, this paper is a step toward the creation of a miniature frequency reference.
APPENDIX EIT AND SLOW LIGHT
Let us consider the interaction of the electromagnetic waves with atomic vapor confined in a vapor cell [ Fig. 2(b) ]. The stationary propagations of light through the cell is described by Maxwell equations in the slowly varying amplitude and phase approximation (32) (33) where is the atomic number density, and are the dipole moments of the respective transitions, and and are the density matrix elements of the corresponding atomic transitions. Analytic expressions for the matrix elements can be obtained from the stationary solution of the -number equations [8] , [11] where , , and are the Rabi frequencies, and . We calculate the stationary solutions of the equations by considering only the lowest order in and
where . Then
Assuming that , we derive (37)
Equation (17) may be derived from (37) and (19) may be derived from (38), if one takes into account that , , and .
